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BEREZIN–ENGLISˇ’ QUANTIZATION OF
CARTAN–HARTOGS DOMAINS
MICHELA ZEDDA
Abstract. We prove the existence of a Berezin-Engliˇs quantization for
Cartan–Hartogs domains.
1. Introduction and statement of the main result
Let (M,ω) be a symplectic manifold and let {·, ·} be the associated Pois-
son bracket. A Berezin quantization (we refer to [3] for details) on M is
given by a family of associative algebras A~, where the parameter ~ (which
plays the role of Planck constant) ranges over a set E of positive reals with
limit point 0, such that in the direct sum ⊕h∈EAh with component-wise
product ∗, there exists a subalgebra A satisfying the following properties:
(i) for any element f = f(~) ∈ A, where f(~) ∈ A~, there exists a limit
lim~→0 f(~) = ϕ(f) ∈ C∞(Ω),
(ii) for f, g ∈ A
ϕ(f ∗ g) = ϕ(f)ϕ(g), ϕ (~−1(f ∗ g − g ∗ f)) = i{ϕ(f), ϕ(g)},
(iii) for any pair of points x1, x2 ∈ Ω there exists f ∈ A such that
ϕ(f)(x1) 6= ϕ(f)(x2).
Consider now a real analytic noncompact Ka¨hler manifold M endowed
with a Ka¨hler metric g and let Φ be a (real analytic) Ka¨hler potential for
g, i.e. in a neighborhood of a point p ∈M the Ka¨hler form ω associated to
g can be written ω = i2∂∂¯Φ. One can extend Φ to a sesquianalytic function
Φ(x, y¯) on a neighborhood U of the diagonal of M ×M , in such a way that
Φ(x, x¯) = Φ(x), and define the Calabi’s diastasis function Dg on U by:
Dg(x, y) = Φ(x, x¯) + Φ(y, y¯)− Φ(x, y¯)− Φ(y, x¯). (1)
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Observe that Dg is independent from the potential chosen, which is defined
up to the addition with the real part of a holomorphic function. Moreover, it
is easily seen that Dg is real-valued, symmetric in x and y and Dg(x, x) = 0
(see [8] for details and further results).
For α > 0 consider the weighted Bergman space Hα of square integrable
holomorphic functions on M with respect to the measure e−αΦ ω
n
n! , i.e. f
belongs to Hα iff
∫
M
e−αΦ|f |2 ωn
n! < ∞. Define the ǫ-function associated to
g to be the function:
ǫαg(x) = e
−αΦ(x)Kα(x, x), x ∈M, (2)
whereKα(x, x) is the reproducing kernel ofHα, i.e. Kα(x, x) =
∑
j f
α
j (x)f
α
j (x),
for an orthonormal basis {fαj } of Hα. As suggested by the notation it is not
difficult to verify that ǫαg depends only on the metric g and not on the
choice of the Ka¨hler potential Φ or on the orthonormal basis. In the litera-
ture the function ǫαg was first introduced under the name of η-function by
J. Rawnsley in [19], later renamed as θ-function in [4].
In [3] F. A. Berezin was able to establish a quantization procedure on
(M,ω) under the following conditions:
(A) the function e−Dg(x,y) is globally defined on M ×M , e−Dg(x,y) ≤ 1
and e−Dg(x,y) = 1 if and only if x = y;
(B) for large enough α, the function ǫαg is a positive constant (depending
only on α).
These conditions are satisfied for example by bounded symmetric domains
[3] and by all homogeneous bounded domains (see the recent paper [16]).
Remark. Notice that Condition (B) can be expressed by saying that the
Ka¨hler metric g is balanced for large enough α. The definition of balanced
metrics has been introduced by Donaldson [10] for algebraic manifolds and
by C. Arezzo and A. Loi [2] in the noncompact case. Observe also that
balanced metrics are strictly related to projectively induced metrics, i.e.
those Ka¨hler metrics g on a complex manifold M , such that there exists a
holomorphic and isometric immersion F : M → CPN , N ≤ ∞, F ∗(gFS) =
g, where gFS is the Fubini-Study metric on CP
N , i.e. the metric whose
Ka¨hler form ωFS in homogeneous coordinates [Z0, . . . , ZN ] reads as ωFS =
i
2∂∂¯ log
∑N
j=0 |Zj |2. In fact, if ǫαg is constant then the map Fα : M → CPN ,
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N ≤ ∞, Fα = [fα0 , . . . , fαN ], by:
F ∗αωFS =
i
2
∂∂¯ log
N∑
j=0
|fαj (z)|2 =
i
2
∂∂¯ logKα(z, z¯) =
=
i
2
∂∂¯ log ǫαg +
i
2
∂∂¯ log eαΦ =
i
2
∂∂¯ log ǫαg + αω,
is an holomorphic and isometric immersion. Observe finally that in the joint
work with A. Loi [17], the author of the present paper proved that a Cartan–
Hartogs domain is not balanced unless it is the complex hyperbolic space.
Berezin’s seminal paper has inspired several interesting papers both from
the mathematical and physical point of view (see [4], [5], [6], [7] for a quan-
tum geometric interpretation of Berezin quantization and its extension to
the compact case). In [11] M. Engliˇs extended Berezin’s method to complex
domains satisfying condition (A) and such that their ǫ-function is not neces-
sarily constant, but only satisfies the following weaker asymptotic condition:
(B′) the ǫ-function (2) admits a sesquianalytic extension on M ×M
ǫαg(x, y¯) := e
−αΦ(x,y¯)Kα(x, y¯)
and there exists a infinite set E of integers such that for all α ∈ E,
x, y ∈M ,
ǫαg(x, y¯) = e
−αΦ(x,y¯)Kα(x, y¯) = α
n +B(x, y¯)αn−1 + C(α, x, y¯)αn−2,
where B(x, y¯) and C(α, x, y¯) are sesquianalytic functions in x and y
which satisfy:
supx,y∈M |B(x, y¯)| < +∞, supx,y∈M,α∈E|C(α, x, y¯)| < +∞.
We refer the reader to [11] for various examples of complex domains in Cn
satisfying conditions (A) and (B′) and so admitting a Berezin quantization.
This paper deals with a 1-parameter family of domains, called Cartan–
Hartogs domains, defined as follows. Let Ω ⊂ Cd be a Cartan domain, i.e. an
irreducible bounded symmetric domain, of complex dimension d and genus
γ. For all positive real numbers µ define a Cartan-Hartogs domain by:
MΩ(µ) =
{
(z, w) ∈ Ω×C, |w|2 < NΩ(z, z¯)µ
}
, (3)
where NΩ(z, z¯) is the generic norm of Ω, i.e.
NΩ(z, z¯) = (V (Ω)K(z, z¯))
−
1
γ , (4)
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where V (Ω) is the total volume of Ω with respect to the Euclidean measure
of the ambient complex Euclidean space and K(z, z) is its Bergman kernel.
Consider on MΩ(µ) the metric g(µ) whose associated Ka¨hler form ω(µ) can
be described by the (globally defined) Ka¨hler potential centered at the origin
Φ(z, w) = − log(NΩ(z, z¯)µ − |w|2). (5)
The domain Ω is called the base of the Cartan–Hartogs domain MΩ(µ) (one
also says that MΩ(µ) is based on Ω).
These domains have been considered by several authors (see e.g. [21]
and references therein). In [21] the authors show that for µ0 = γ/(d + 1),
(MΩ(µ0), g(µ0)) is a complete Ka¨hler-Einstein manifold which is homoge-
neous if and only if Ω is the complex hyperbolic space. In [18] the author
of the present paper jointly with A. Loi proved that for Ω 6= CHd, the
metric αg(µ) on MΩ(µ) is projectively induced for all positive real number
α ≥ (r−1)a2µ , where r is the rank of Ω and a is one of its invariants, exhibing
the first example complete, noncompact, nonhomogeneous and projectively
induced Ka¨hler-Einstein metric. In [23] the author of the present paper
proved that g(µ) is extremal (in the sense of Calabi [9]) if and only if it
is Ka¨hler–Einstein, and that if the coefficient a2 of Engliˇs expansion (cfr.
[12]) of the ǫ-function associated to g(µ) is constant, then it is Ka¨hler–
Einstein, conjecturing also that: the coefficient a2 of Engliˇs expansion of the
ǫ-function associated to g(µ) is constant iff (MΩ(µ), g(µ)) is biholomorphi-
cally isometric to the complex hyperbolic space. This conjecture has been
recently proved by Z. Feng and Z. Tu in [14], where they also obtain an
explicit formula for the Bergman kernel of the weighted Hilbert space Hα
and for the ǫ-function associated to (MΩ(µ), g(µ)).
The aim of this paper is to prove the following result:
Theorem 1. Let Ω be a Cartan domain of (complex) dimension d and let
µ ∈W (Ω) and α > d+1. Then the Cartan-Hartogs domain (MΩ(µ), αg(µ))
admits a Berezin quantization.
Here W (Ω) is the Wallach set associated to Ω, which consists of all η ∈ C
such that there exists a Hilbert space H η
γ
whose reproducing kernel is K η
γ
(we refer the reader to [1], [13] and [22] for more details and results). It
turns out (see Corollary 4.4 p. 27 in [1] and references therein) that W (Ω)
consists only of real numbers and depends on two of the domain’s invariants,
denoted by a (strictly positive real number) and r (the rank of Ω). More
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precisely we have
W (Ω) =
{
0,
a
2
, 2
a
2
, . . . , (r − 1)a
2
}
∪
(
(r − 1)a
2
, ∞
)
. (6)
The next section is dedicated to the proof of Theorem 1. The proof is
based on the result in [18] mentioned above and on the explicit expression
of the ǫ-function associated to (MΩ(µ), αg(µ)) given by Z. Feng and Z. Tu
in [14].
The author would like to thank Andrea Loi for the useful comments and
discussions.
2. Proof of the main results
In his seminal paper [8] Calabi gives necessary and sufficient conditions
for a n-dimensional Ka¨hler manifold (M,g) to admit a holomorphic and
isometric immersion into a complex space form, in terms of the diastasis
function (1). In particular, we recall here the following result, needed in the
proof of Lemma 3 below.
Theorem 2 (E. Calabi). Set homogeneous coordinates [Z0 : · · · : Zj : · · · ]
in CP∞, let U0 = {Z0 6= 0} and let f : (M,g) → CP∞ be an holomorphic
and isometric immersion, i.e. f∗gFS = g. Then the metric g is real analytic
and we have:
Dg = DFS ◦ f :M \ f−1(H0)×M \ f−1(H0)→ R,
where H0 = CP
∞ \ U0.
Observe that if p, p′ ∈ CP∞ are points with homogeneous coordinates
[Z0 : · · · : Zj : · · · ] and [Z ′0 : · · · : Z ′j : · · · ] respectively, then we have (cfr.
[8, Eq. (29)]):
DFS(p, p
′) = log
∑
∞
j=0 |Zj |2
∑
∞
j=0 |Z ′j |2∑
∞
j=0 ZjZ¯
′
j
. (7)
In order to prove Theorem 1 we need the following four lemma:
Lemma 3. Let (M,g, ω) be a noncompact complete Ka¨hler manifold. As-
sume the metric g is projectively induced through an injective map f such
that f(M) ⊂ ℓ2(C). Then (M,ω) satisfies Condition (A) given above.
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Proof. Let f: M → CP∞ be a holomorphic immersion such that f∗ωFS = ω
and f(M) ⊂ ℓ2(C) ⊂ CP∞. Then by Theorem 2 above, if Dg is the diastasis
function of (M,g) and DFS is the one associated to the Fubini–Study metric
on CP∞ we have
Dg(x, y) = DFS(f(x), f(y)), ∀x, y ∈M.
Further, since f(M) ⊂ ℓ2(C), we can assume f−1(H0) = ∅, i.e. Dg(x, y)
is defined on the whole M ×M . Further, by the expression of DFS (7), it
follows by Cauchy-Schwartz’s inequality that e−DFS(f(x),f(y)) ≤ 1. Finally,
from DFS(p, p
′) = 0 iff p = p′ and the injectivity of f , follows e−Dg(x,y) = 1
iff x = y. Thus condition (A) above is fulfilled. 
Lemma 4. The holomorphic and isometric immersion f : MΩ(µ)→ CP∞,
f∗gFS = g(µ), when exists, is injective and such that f(MΩ(µ)) ⊂ ℓ2(C).
Proof. Let f : MΩ(µ) → CP∞ be a holomorphic map such that f∗ωFS =
ω(µ). According to [17, Lemma 8] up to unitary transformation of CP∞ we
have:
f(z, w) =
[
1, s, hµ α
γ
, . . . ,
√
(m+ α− 1)!
(α− 1)!m! hµ(α+m)γ w
m, . . .
]
,
where s = (s1, . . . , sm, . . . ) with:
sm =
√
(m+ α− 1)!
(α− 1)!m! w
m,
and hk = (h
1
k, . . . , h
j
k, . . . ) denotes the sequence of holomorphic maps on Ω
such that the immersion h˜k = (1, h
1
k , . . . , h
j
k, . . . ), h˜k : Ω → CP∞, satisfies
h˜∗kωFS = k ωB (where ωB is the Bergman metric on Ω), i.e.
1 +
∞∑
j=1
|hjk|2 =
1
Nγ k
.
The injectivity of f follows from that of hµα
γ
(see [15, Lemma 2.1]) and
noticing that s1 =
√
αw. Further, f0 = 1 implies f
−1(H0) = ∅ in the
notation of Theorem 2 above, and thus f(MΩ(µ)) ⊂ ℓ2(C), as wished. 
Lemma 5. Let (MΩ(µ), g(µ)) be a Cartan–Hartogs domain. Then the fol-
lowing holds true:
supz,z′,w,w′∈MΩ(µ)
∣∣1− ww¯′NΩ(z, z¯′)−µ∣∣ < +∞.
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Proof. Observe first that we need only to check the case when z or z′ → ∂Ω,
as it follows by the definition of generic norm and considering that if we fix
z, z′ ∈ Ω, then the following:
supw,w′∈MΩ(µ)
∣∣NΩ(z, z¯′)µ − ww¯′∣∣ < +∞,
is always satisfied, since by Condition (A):
NΩ(z, z¯
′)µ − ww¯′ = e−Φ(z,w,z¯′,w′) ≤ 1.
Thus, assume that z → ∂Ω. Then by definition ofMΩ(µ) (3) we have |w|2 →
NΩ(z, z¯)
µ. Further, since µ ∈W (Ω) then Kµ
γ
(z, z¯′) is the reproducing kernel
of the Hilbert space Hµ
γ
. Thus, if {fj}j=0,1,... is an orthonormal basis of Hµ
γ
,
we have:
Kµ
γ
(z, z¯′) =
∞∑
j=0
fj(z)fj(z′),
and by Cauchy-Schwarz’s inequality it follows:
ww′Kµ
γ
(z, z¯′) ≤ |w|2|w′|2Kµ
γ
(z, z¯)Kµ
γ
(z′, z¯′).
i.e., by the definition of generic norm (4):
ww′NΩ(z, z¯
′)−µ ≤ c|w|2|w′|2NΩ(z, z¯)−µNΩ(z′, z¯′)−µ,
where c = V (Ω)
1
γ . Thus∣∣ww¯′NΩ(z, z¯′)−µ∣∣ ≤ |w|2|w′|2 ∣∣cNΩ(z′, z¯′)−µNΩ(z, z¯)−µ∣∣→ |w′|2 ∣∣cNΩ(z′, z¯′)−µ∣∣ ,
and we are done. 
Observe that it follows from the computation in [17] that the weighted
Hilbert space:
Hα =
{
ϕ ∈ Hol(MΩ(µ)) |
∫
M(µ)
(
NµΩ − |w|2
)α |ϕ|2ω(µ)d+1
(d+ 1)!
< +∞
}
, (8)
is not trivial for all α > d + 1. For completeness, we give here a semplified
proof of this fact in the following lemma:
Lemma 6. The weighted Hilbert space Hα given in (8) is not trivial for all
α > d+ 1.
Proof. It is enough to prove that 1 ∈ Hα for all α > d+ 1. i.e. that:∫
M(µ)
(
NµΩ − |w|2
)α ω(µ)d+1
(d+ 1)!
< +∞
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Observe first that up to the multiplication with a positive constant:
ω(µ)d+1
(d+ 1)!
=
1
(NµΩ − |w|2)d+2
ωd+10
(d+ 1)!
,
as it follows by a long but straightforward computation of the determinant
of the metric g(µ). Thus, we need to prove that:∫
MΩ(µ)
(NµΩ − |w|2)α−(d+2)
ωd+10
(d+ 1)!
< +∞.
Setting polar coordinates we get:∫
MΩ(µ)
(NµΩ − |w|2)α−(d+2)
ωd+10
(d+ 1)!
=
π
(d+ 1)!
∫
Ω
∫ NµΩ
0
(NµΩ − ρ)α−(d+2)dρωd0 .
The integral: ∫ NµΩ
0
(NµΩ − ρ)α−(d+2)dρ,
is convergent iff α − (d + 2) > −1, i.e. iff α > d + 1. Setting α > d + 1 we
get:∫
MΩ(µ)
(NµΩ − |w|2)α−(d+2)
ωd+10
(d+ 1)!
=
π
(d+ 1)!
1
α− d− 1
∫
Ω
N
µ0(α−d−1)
Ω ω
d
0
and by [20, Prop. 2.1, p. 358] the integral on the right hand side is conver-
gent whenever µ(α− d− 1) > −1, i.e. for α > 1 + d− 1
µ
. 
We are now in the position of proving our main theorem.
Proof of Theorem 1. By the discussion at the begin of this paper we need
to prove that Condition (A) and (B′) are fulfilled. Set α > d+ 1 and let a,
b be the two geometrical invariants of Ω, r and γ respectively its rank and
its genus. In order to apply Lemma 3 and prove that Condition (A) holds
true, observe that by [18, Th. 2], (MΩ(µ), αg(µ)) is projectively induced for
all α ≥ (r−1)a2µ , which is always satisfied for α > d + 1 and µ ∈ W (Ω). In
fact by (6) µ ≥ a2 , i.e. (r−1)a2µ ≤ r − 1, and since the dimension d is related
to a, b and r by the formula d = r(r−1)2 a+ r b+ r, we also have r − 1 < d.
Further, the injectivity of the map f : MΩ(µ) → CP∞ and the condition
f(MΩ(µ)) ⊂ ℓ2(C) are guaranteed by Lemma 4.
In order to prove that Condition (B′) holds true, let E be the set of all
integers greater than d + 1. For α ∈ E by Lemma 6 the Hilbert space Hα
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defined in (8) is not trivial and, as proven in [14, Th. 3.1], ǫαg(µ) reads:
ǫαg(µ)(z, w) =
1
µd
d∑
k=0
Dkχ˜(d)
k!
(
1− ||w||
2
NΩ(z, z¯)µ
)d−k
(α− d+ k − 1)!
(α− d− 2)! ,
for
Dkχ˜(d) =
k∑
j=0
(
k
j
)
(−1)jχ˜(d− j)
and
χ˜(d− j) =
r∏
j=1
Γ(µ(d− j)− γ + 1 + (j − 1)a2 + 1 + b+ (r − j)a)
Γ(µ(d− j)− γ + 1 + (j − 1)a2 )
,
where Γ is the usual Γ-function. Observe that both the potential Φ(z, w)
given in (5) and the reproducing kernel of Hα, admit a sesquianalytic ex-
tension on MΩ(µ) ×MΩ(µ). Thus, it follows from (2) that also ǫαg(µ) does
and in particular it reads:
ǫαg(µ)(z, w, z
′, w′) =
1
µd
d∑
k=0
Dkχ˜(d)
k!
(
1− ww¯
′
NΩ(z, z¯′)µ
)d−k (α− d+ k − 1)!
(α− d− 2)! .
(9)
Since by [14, Lemma 3.3, 3.4, 3.5] we have:
Ddχ˜(d)
d!
= µd,
Dd−1χ˜(d)
(d− 1)! = µ
d−1d (µ(d + 1)− γ)
2
,
it follows that we can write:
ǫαg(µ)(z, w, z¯
′, w¯′) = αd+1 +B(z, w, z¯′, w¯′)αd + C(α, z, w, z¯′, w¯′)αd−1, (10)
with:
B(z, w, z¯′, w¯′) = −(d+ 1)(d+ 2)
2
+
d (µ(d + 1)− γ)
2µ
(
1− ww¯
′
NΩ(z, z′)µ
)
.
By Lemma 5, since B(z, w, z¯′, w¯′) depends only on z, w, z′, w′ through 1 −
ww¯′NΩ(z, z
′)−µ, we have:
supz,z′,w,w′∈MΩ(µ)|B(z, w, z¯′, w¯′)| < +∞.
Thus, it remains to show that:
supz,z′,w,w′∈MΩ(µ),α∈E |C(α, z, w, z¯′ , w¯′)| < +∞.
By (10) we have:
C(α, z, w, z¯′, w¯′) =
(
ǫαg(z, w, z¯
′, w¯′)− αd+1 −B(z, w, z¯′, w¯′)αd
)
α−(d−1),
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where by (2), ǫαg(z, w, z¯
′, w¯′) − αd+1 − B(z, w, z¯′, w¯′)αd is a polynomial of
degree α(d−1). Thus:
supα∈E |C(α, z, w, z¯′, w¯′)| < +∞.
The convergence for z, z′, w,w′ ∈MΩ(µ) follows by noticing that the expres-
sion (9) presents a finite sum of factor depending by z, w, z′, w′ only through
1− ww¯′NΩ(z, z¯′)−µ, which is bounded by Lemma 5. 
Remark. Observe that according to [11], the expression of B(z, w, z¯′, w¯′)
in the proof of Theorem 1 is actually one over half the scalar curvature of
(MΩ(µ), αg(µ)) (see [23] for a proof).
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